The estimation of material and patch parameters for a system involving a circular plate, to which piezoceramic patches are bonded, is considered. A partial dierential equation (PDE) model for the thin circular plate is used with the passive and active contributions from the patches included in the internal and external bending moments. This model contains piecewise constant parameters describing the density, exural rigidity, P oisson ratio and Kelvin-Voigt damping for the system as well as patch constants and a coecient for viscous air damping. Examples demonstrating the estimation of these parameters with experimental acceleration data and a variety of inputs to the experimental plate are presented. By using a physicallyderived PDE model to describe the system, parameter sets consistent across experiments are obtained, even when phenomena such as damping due to electric circuits aect the system dynamics.
Introduction
In many applications involving vibrating structures, it is both feasible and advantageous to start with basic physical principles and from them, derive a PDE model describing the system dynamics. Such models can directly incorporate the eects of nonhomogeneities, actuators or sensors bonded to or embedded in the structure (e.g., piezoceramic patches), coupling with adjacent acoustic or uid elds if they exist, and contributions due to multiple components, inexact boundary conditions, and any other inuences which m a y aect the system dynamics. General constitutive l a ws, moment and force relations, and electromechanical laws are used when deriving these models. This then leads to PDE models having physical parameters which must be estimated through t-to-data techniques.
Consider, for example, a structural system with surface-mounted piezoelectric actuators and sensors. Physical parameters include density, stiness, damping and Poisson ratios for the structure and electromechanical coecients describing the strain generated and sensed by the piezoelectric elements. These parameters must be determined for the experimental system under consideration before the PDE models can be used with any accuracy in model-based applications such as simulation or control. In simulations, the use of inexact parameters can lead to spurious results, whereas controllers will be degraded or even potentially destabilized by the use of inexact parameter values.
While \handbook" values often exist for the density, stiness and Poisson coecients for the material in a uniform and homogeneous structure, they usually cannot be used with certainty or reliability in the models describing actual experimental structures due to nonhomogeneities in materials, and diering geometries and material properties in the regions of actuators and sensors. Similarly, while electromechanical constants for actuators and sensors can often be found in manufacturer specications, variability in actual experimental conditions necessitates the estimation of these parameters before PDE models can be employed in simulation and control applications. Finally, the estimation of damping coecients using experimental data is crucial since accurate compilations of damping coecients for various materials do not exist.
Several studies regarding the estimation of parameters in PDE models for homogeneous beams [11, 12] , plates [5] and grid structures [3, 4] have been reported. Furthermore, results pertaining to parameter estimation issues which arise when piezoceramic patches are used as sensors and actuators on a beam can be found in [13, 14] . There it was demonstrated that the stiness, density and damping parameters for a beam with surface-mounted piezoceramic actuators and sensors must be taken to be piecewise-constant to account for the diering geometry and material properties of the patches. When this was done, consistency across experiments with a variety of inputs and outputs was obtained, thus validating the applicability of the PDE model for the system.
In this work, we extend the PDE-based parameter estimation methods of [14] to a clamped circular plate with surface-mounted piezoceramic patches. The dynamics of the plate dier from those of a beam in that Poisson eects provide a coupling between the radial and tangential vibrations. Hence, when estimating parameters for the plate, one must work with data containing signicantly more frequencies than is typically the case with the beams. The results reported here dier from those in [3, 4, 5] in that the emphasis here is on the consistent estimation of physical parameters for a plate whose dynamics are inuenced by the presence and excitation of piezoceramic patches.
In addition to issues regarding the estimation of the density, stiness, Poisson and material and air damping parameters, questions concerning the passive damping due to the patches are addressed. It is well-known among experimentalists that signicant passive damping is provided when the circuit for the piezoceramic patch is closed or shunted [16] . This general phenomenon for structures is investigated in the context of the circular plate with its corresponding PDEbased model.
By using PDE models and estimating parameters through t-to-data techniques, model ts to data that are consistent across experiments are obtained, even in the presence of passive patch damping. Up to six axisymmetric and eight nonaxisymmetric frequencies are matched through time-domain optimization, thus demonstrating that the eectiveness of the the model is not dependent upon the number of excited frequencies. The distributed nature of the model is further demonstrated by examples illustrating the match of the model response with data measured at plate points not used in the optimization process. As discussed in [1] , the model, with parameters estimated from experimental data, is suciently accurate so as to be very eective when incorporated in PDE-based control methods for reducing plate vibrations.
We note that throughout this work, xed-edge (zero displacement and slope) boundary conditions are assumed. This assumption was made after tests indicated minimal energy loss through the boundary clamps. In many structures, however, boundary movement makes this assumption inappropriate. In such cases, a boundary moment model of the type discussed in [9] and experimentally i n v estigated in [2] may provide a more accurate description of the boundary physics.
In Section 2, the strong and weak forms of the PDE model for a thin circular plate with xededge boundary conditions are discussed. Care is taken to include both the passive and active contributions due to the piezoceramic patches when developing this model. A Fourier-Galerkin approximation method and the parameter estimation problem are outlined in Section 3. A modied cubic spline basis in the radial direction provides accurate approximates and facilitates the incorporation of patch eects. The nal section of the paper contains a repertoire of examples demonstrating the model ts when parameters are estimated in a variety of experiments. These examples demonstrate the accuracy of the PDE model for describing the plate dynamics and the eects of passive damping due to the shunted patches.
Plate Model
The structure under consideration consists of a thin circular plate mounted to a frame with a heavy metal collar. Bonded to the plate are piezoceramic patches which are mounted either individually or in pairs as illustrated in Figure 1 . As discussed in [8] , the free patches generate strains in response to an applied voltage. When bonded to an underlying structure, these strains lead to the generation of in-plane forces and/or bending moments as depicted in Figure 2 . In this paper, we will consider only the bending moments which are generated by the patches and will consider them as an input to a model describing the transverse vibrations of a plate. T bT b`TbF igure 2. Strain distribution resulting from applied voltages to (a) a patch pair, and (b) a single piezoceramic patch. In both cases, in-plane forces and/or bending moments can be generated.
Strong Form of the Plate Equation
For this discussion, we will consider a plate of radius a and thickness h as shown in Figure 1 . The radial and circumferential coordinates are denoted by r and , respectively. Bonded to the plate are patches of thickness T with a bonding layer that is assumed to have uniform thickness T b`( see Figure 2) . The Young's modulus, density coecient, Poisson ratio and KelvinVoigt damping coecient for the plate are denoted by E p ; p ; p andĉ Dp , respectively, while similar parameters for the patches and bonding layer are denoted by E pe ; pe ; pe ;ĉ Dpe and E b`; b`; b`;ĉD b`, respectively. We point out that the assumption that all the patches (and respectively, bonding layers) have the same Young's modulus and Poisson ratio is made only for ease of exposition and analogous formulations result when diering values are assumed for the individual patches and bonding layers (see, for example, [8] (see [8] for details). In these expressions, the piezoelectric strain constant d 31 relates the input voltage to the free strain generated in the patch. In the case of perfectly clamped edges, zero displacement and slope are maintained at the plate perimeter and the boundary conditions are taken to be w(t; a; ) = @w @r (t; a; ) = 0 : (2:6) For the experiments discussed here, this xed-edge boundary condition adequately modeled the edge dynamics and hence it is used throughout this work. In many applications, however, perfect clamps modeled by xed-edge boundary conditions are dicult to attain, thus resulting in frequencies that are lower than expected [17, 18, 21, 22] . In such cases, boundary moment models of the type discussed in [9, 10] [15, 19, 20] . Finally, the strain output for the patches often decays over time which is manifested in the moment expression (2.4) by a decrease in d 31 . Hence, all of the parameters listed above m ust be estimated before an accurate t of the model to the experimental system can be expected.
Weak Form of the Plate Equations
Due to the piecewise constant nature of the physical parameters D; and c D , one is forced to dierentiate discontinuous functions when considering the strong form of the plate equations (2.1). Moreover, the input due to the excitation of the patches is spatially discontinuous since it is dened only in the regions of the active patches. Since this input acts as a bending moment o n the plate, it too is twice dierentiated when considering the strong form of the plate equations, thus yielding a distribution having the regularity of a dierentiated Dirac delta \function." To avoid these diculties as well as lower smoothness requirements for approximating elements, we will consider a weak form of the modeling plate equations. We begin by dening appropriate spaces in which to consider the evolution and approximation of the plate dynamics. For a plate having perfectly clamped edges and hence boundary conditions (2.6), the state for the problem is taken to be the transverse displacement w in the state space H = L 2 ( 0 ) where 0 denotes the region occupied by the unstrained neutral surface of the plate. Motivated by the energy considerations discussed in [7] , we also dene the space of test functions V = H 2 0 ( 0 ) f 2 H 2 ( 0 ) j (a; ) = @ @r (a; ) = 0 g .
A w eak or variational form of the equation describing the transverse motion of a damped thin circular plate having perfectly clamped edges and s surface-mounted piezoceramic patches or patch pairs is then
for all test functions 2 V . The overbar here denotes complex conjugation and the dierential is d! = rddr. We point out that in the weak form, the derivatives are transferred from the moments onto the test functions, thus eliminating the diculties associated with the dierentiation of discontinuous physical parameters and patch input terms. This is then an appropriate form in which to approximate the plate dynamics and consider parameter identication techniques to estimate the unknown physical parameters. For the interested reader, further details concerning the development and well-posedness of this model can be found in [6, 7] .
System Approximation and Parameter Estimation
In order to develop techniques for numerically simulating plate dynamics, estimating parameters and implementing control schemes, one must approximate the innite dimensional states and test functions in (2.7). In doing so, care must be taken at the origin to avoid numerical instabilities and decreased convergence rates due to the coordinate singularity (as manifested by the 1 r and 1 r 2 terms in the moment expressions). The approach used here follows that described in [7, 23] .
Approximate Plate Solution and Resulting Matrix System
As discussed in [7, 23] The Fourier coecient in the weight is truncated to control the conditioning of the mass and stiness matrices (see the examples in [7] ).
To obtain a matrix system, the N dimensional approximating subspace is taken to be H N = spanfB N k g and the product space for the rst-order system is H N H N . The restriction of the innite-dimensional system (2.7) to the space H N H N then yields a matrix system of
where y N (t) = [ w 1 ( t ) ; ; w N ( t ) ;_ w 1 ( t ) ; ;_ w N ( t )] denotes the 2N column vector containing the generalized Fourier coecients for the approximate displacement and velocity. Details concerning the construction of the component v ectors and matrices in (3.2) can be found in [7, 23] . In this form, the nite-dimensional parameter estimation problem can be readily discussed.
Parameter Estimation
The parameter estimation problem is posed as the problem of determining estimates of the \true" physical parameters ; D; ; c D ; ; K B 1 ; ; K B s given data measurements z. In the experimental results reported here, this data consisted of time histories of the transverse plate acceleration which w ere obtained from accelerometers located at various coordinates on the plate.
As discussed previously, the parameters ; D; and c D are assumed to be piecewise constants in order to account for the presence and diering material properties of the piezoceramic patches. For the case in which s patches or patch pairs are bonded to the plate, these parameters can then be expressed as where again, i (r; ) ; i = 1 ; ; sis the characteristic functions over the i th patch or patch pair and s+1 is the characteristic function over the portion of the plate not covered with patches. The damping due to air is assumed to be uniform over the entire surface; hence is taken to be constant. Moreover, we recall from the denition (2.5) that the patch parameters K B 1 ; ; K B s are constants which depend on piezoelectric properties, the geometry and size of the patch, and bonding layer and patch properties. subject to w N satisfying the approximate plate equations (hence the coecients fw N k g of w N must satisfy (3.2)). Here z j is an observation of acceleration taken at time t j and point ( r;) o n the plate. Details regarding the convergence of the parameter estimates for general problems of this type can be found in [14] .
In the results in the examples of the next section, minimization of the functional (3.4) was accomplished via a Levenberg-Marquardt routine with a sti ODE solver being used to integrate the system (3.2) in order to obtain the model response at the sample points. This minimization can also be performed with various constrained optimization routines in which case, parameter constraints such as positivity can be enforced.
Experimental Results
In the experimental results reported here, a circular aluminum plate with a single centered circular patch w as considered (see Figure 3) . The dimensions of the plate and piezoceramic patches are summarized in Table 1 . We note that the patch has a radius that is 1 12 that of the plate and a thickness that is approximately 1 7 of the plate thickness; hence it is quite small in relation to the plate. Table 1 also contains \handbook" values of the density, Y oung's modulus and Poisson ratio for the plate. We reiterate that while these values provide a starting point in the parameter estimation routine, they usually cannot be used in the nal system model with any accuracy due to nonuniformities in the plate or boundary conditions, variations in materials, and the contributions due to the presence of the patches (this fact is illustrated in the examples).
To provide a basis for comparison between measured experimental natural frequencies and the analytic frequencies for a plate of this size to which no patches are bonded, analytic values were calculated using the plate dimensions and \handbook" parameter values summarized in Table 1 . These analytic values are compiled in Table 2 . In this latter table, m refers to the Fourier number and n denotes the order of the root to the Bessel functions which comprise the analytic solutions. Hence the analytic frequencies of the rst four axisymmetric modes are 61:9; 241:2; 540:5 and 959:5 hertz corresponding to m = 0 ; n= 0 ; 1 ; 2 and 3, respectively. The Fourier number m can also be interpreted as the number of nodal diameters while n is the number of nodal circles, not including the boundary. As will be seen in the examples, the experimental frequencies are, in many cases, signicantly lower than the corresponding analytic values due to variations in material properties.
Time domain data was collected using accelerometers located at the points A`= ( 2 00 ; 0); A c = (0; 0) and A r = ( 2 00 ; ) as depicted in Figure 3 (thus specifying (r;) in (3.4) ). This orientation of accelerometers permitted the collection of both axisymmetric and nonaxisymmetric data with the location chosen to avoid low-order nodal lines and circles. In all cases, data was obtained at a 12 KHz sample rate so as to resolve a n y high frequency responses.
The experimental results reported here can be summarized as follows: Note that both axisymmetric and general nonaxisymmetric responses are considered with input provided by v arious impact hammers as well as from the patches themselves. The damping eects due to the electric circuit containing the patch are also investigated. In each experiment, the goal is the estimation of the various physical parameters and the results from all experiments discussed here are summarized in Table 3 . The consistency and/or variability of these estimates will be discussed in the examples presented below. In the rst set of experiments, the plate was excited through an impulse delivered by a large impact hammer having a plastic tip (the force transducer on the hammer delivered 50 mV=lb). The impact was delivered to the center of the plate and data was collected from accelerometers located at the points A`= ( 2 00 ; 0); A c = ( 0 ; 0) and A r = ( 2 00 ; ) (see Figure 3) . The excitation of the structure in this manner provided a primarily axisymmetric response with the purely axisymmetric component being measured by the centered accelerometer. Data obtained from o-center accelerometers indicated that while slight nonaxisymmetric vibrations were present, their eect was minimal.
During the collection of this data, the circuit involving the piezoceramic patch w as left open to minimize piezoelectric eects due to the bending patch (with a closed circuit, the voltage produced when the patch vibrates is fed back to the patch which in turn produces a bending moment; the damping and stiening eects which occur in this case are investigated in the next example).
Minimization of the function (3.4) was performed using the time history of the acceleration obtained from the centered accelerometer (at A c = ( 0 ; 0)). For this experiment, xed-edge boundary conditions were assumed and hence the optimization was performed subject to w N satisfying the discretization of (2.7). The estimated parameters ; ; D; and c D (K B was not estimated here since there is no patch input) are recorded in Table 3 while model-based results obtained with these values are plotted against experimental results in Figures 4 and 5 . We reiterate that in these plots, both the data and calculated model response were obtained at the center point of the plate.
As indicated by the frequency results in Figure 5 , four axisymmetric modes, having frequencies of 59:3; 227:8; 516:4 and 917:7, were excited in this experiment. The results in both gures demonstrate that the parameter estimates in Table 3 lead to a very close matching of the rst two frequencies. The overdamping of the higher frequency modes is characteristic of the Kelvin-Voigt damping model and this leads to the very slight v ariation seen in the time history when comparing the experimental data and model response.
To demonstrate the distributed nature of the model, the parameters obtained using data from the centered accelerometer, as summarized in Table 3 , were used to calculate the model response at the ocenter point A r = ( 2 00 ; ). The results are plotted along with the experimental data at that point in Figures 6 and 7 . From the frequency results in Figure 7 , it can be seen that the primary response at that point is in the rst two axisymmetric modes, and while the model response in the rst mode is slightly larger than the corresponding experimental result, the agreement i s v ery close in light of the fact that experimental data from this accelerometer was not used when determining the physical parameters. Similar results were found at the point A`= ( 2 00 ; 0), thus demonstrating the distributed nature of the model. Example 2: Axisymmetric Excitation with Large Hammer { Closed Circuit
As discussed previously, the piezoelectric eect is manifested in two w a ys in the patches. In one case, vibrations in the plate and hence the patch lead to generated strains which i n turn produce voltages, whereas the converse eect leads to generated strains in response to an input voltage. The completion of the circuit involving the piezoceramic patch leads to a strong interaction between these eects, and indeed, the shunting of the patch b y simply connecting the leads is a recognized means of increasing system damping and changing stiness properties [16] .
In this example, the eects of closing the circuit on the estimated parameters are investigated. The experimental setup is identical to that described in the previous example except that in this case, the circuit involving the piezoceramic patch w as closed. For experiments in which input to a piezoceramic actuator is used to control the system, this is a more realistic scenario since the circuits must be complete in any control setup. As in the previous example, an impact hammer hit to the plate center was used to obtain an axisymmetric response and data was obtained from accelerometers located at the points A c ; A r and A`depicted in Figure 3 .
To obtain model responses for this case, three sets of parameters, as summarized in Table 4 , were used. The rst set of parameters was obtained by minimizing the functional (3.4) using data from the centered accelerometer. These parameters can be compared with those in the second set which w ere obtained in the rst experiment. To obtain the third set, the analytic values for the density, exural rigidity and Poisson ratio for the plate were used throughout the structure while and c D from the rst data set were used as damping values. The use of the third data set simulates the results that are obtained if one simply uses \handbook" values for the density, exural rigidity and Poisson ratio.
As demonstrated by the time history and corresponding frequency plots in Figure 8a , results comparable to those obtained in Example 1 can be obtained when the physical parameters are obtained using t-to-data techniques. By comparing the parameters obtained here with those of the rst experiment, however, one sees some variation due to the circuit eects on the piezoceramic patches. The most marked dierence is an increase in damping which results when the system is closed. Since the damping eects due to the circuit are not included in the model, the optimization routine increased the viscous damping coecient and Kelvin-Voigt parameter c D . As noted in the plots of Figure 8a , this compensation for the damping leads to a good model t to the data even though the mechanism for the unmodeled circuit damping diers from the internal and viscous damping included in the model. While some dierence in density and stiness also occur, these eects are less pronounced due to the small size of the patch in relation to the plate.
The experimental data and model response obtained with parameters from Experiment 1 (open circuit) are plotted in Figure 8b . As noted in these plots, the model response is signicantly underdamped since the eects of damping due to the closed circuit were not considered in Example 1. Moreover, a slight shift in frequency due to changes in ; D and can also be noted. This illustrates some of the variations which result from changing the conguration of the electric circuit and highlights the fact that identication procedures should be performed in the setting in which applications or control are to be considered.
Finally, the experimental data and model response obtained with the third set of parameters (analytic values of ; D and ) are plotted in Figure 8c . As noted in both time domain and frequency plots, the frequency of the model response is much too large in this case, namely due to the fact that the analytic value of the exural rigidity is approximately 17% larger than the estimated values. This illustrates the fact that even those parameters for which \handbook" values exist must be estimated through parameter identication techniques in order to guarantee an accurate model. Table 4 . Analytic and experimental values of the physical parameters. The estimated parameters in Column 3 were obtained using Experiment 2 data. 
Example 3: Axisymmetric Excitation with Small Hammer
In the previous two experiments, the plate was excited through impacts from a large hammer having a soft tip. This resulted in the excitation of four axisymmetric modes having frequencies ranging from approximately 60 Hz to 920 Hz. To i n v estigate the suitability of the model when a wider range of frequencies are excited, a small impact hammer (with a force transducer delivering 100 mV=lb) h a ving a metal tip was also used with the results being reported in this example.
As in the previous example, a centered hit was used to evoke an axisymmetric response with data being obtained from accelerometers located at A c ; Àand A r . The leads to the piezoceramic patches were left disconnected, thus minimizing the damping eects due to the circuit and patch. The minimization of the functional (3.4) was performed with data from the centered accelerometer and the resulting estimated parameters are summarized in Table 3 . The model response and experimental data from the centered accelerometer are plotted in Figure 9 and 10. As indicated by the frequency plots in Figure 10 , six modes were accurately matched with these estimated parameter values with expected overdamping of the high frequency 2814 and 3661 Hz modes.
In comparing the parameter estimates of Examples 1 and 2 in Table 3 , it can be seen that while little change occurs in ; D and , there is some variation in the viscous damping constant and the internal Kelvin-Voigt parameter c D . This is due to the dierent frequency responses in the two experiments and again reects some limitations in the damping model. When the large hammer was used to excite the plate, the primary response was in the lower frequency modes and the parameters obtained from the minimization of (3.4) yielded a model which matched the lower frequencies but overdamped the higher frequencies having less energy. The use of the small hammer with a metal head resulted in data in which the primary response was in the 918 Hz mode with very little energy in the 60 Hz mode. This shift in the excited frequencies generally leads to a reduction in the estimated values of c D and an increase in (see also Examples 4 and 5). 
Example 4: Axisymmetric Excitation { Voltage Spike t o P atch
A second means of exciting the plate is through a voltage spike to the piezoceramic patch and results obtained in that manner are reported here. Because the active patch w as centered on the plate, this yielded an axisymmetric response and data from the centered accelerometer was used when minimizing the functional (3.4) .
The estimated physical parameters ; D; ; c D and as well as the patch input parameter K B are summarized in Table 3 and the resulting model response is plotted along with the experimental data from the centered accelerometer in Figure 11 Table 1 and T b`t aken to be 0. Some of this variation can be attributed to patch material values which dier slightly from those summarized in Table 1 . While dierences occur between the \handbook" values of the Young's modulus and Poisson ratio and the \true" parameters for the experimental patch, perhaps the biggest source of variation occurs in the values for the strain constant d 31 . The value reported in the product literature (and given in Table 1 ) was obtained through static tests while the estimated value is obtained in a dynamic setting which tends to decrease the realized values of strain parameters such a s d 31 [15, 19, 20] . Hence while the analytic values given by the model (2.5) can be used as starting values in the optimization routine, they will not in general yield an accurate model response due to physical variations in the material patch properties. 
Example 5: Nonaxisymmetric Excitation with Small Hammer
In this experiment, a nonaxisymmetric response was obtained through a small hammer impact at the point ( 7 : 27 00 ; 0) (see Figure 3) . The leads to the piezoceramic patch w ere disconnected in this experiment to minimize damping eects due to the circuit and piezoelectric properties of the patch. Data was again measured via the three accelerometers located at A r = ( 2 00 ; 0); A c = ( 0 ; 0) and A`= ( 2 00 ; ). Optimization was performed using the data from the accelerometer located at A r = ( 2 00 ; 0) and the estimated parameters values are summarized in Table 3 .
Time and frequency plots of the experimental data from the right ( A r ), centered (A c ) and left (A`) accelerometers a s w ell as corresponding model responses are given in Figure 13a , b and c, respectively. The observed experimental frequencies as well as the calculated model frequencies at the three accelerometers are tabulated in Table 5 .
From the frequency plots in gure 13a, it can be seen that the model very accurately matches the (n; m) = ( 0 ; 0); (0; 2); (0; 3); (1; 1); (1; 2); (2; 0); (2; 1) and (0; 4) modes while signicantly underdamping the (1; 0) and (0; 1) modes (see Table 2 to compare the observed frequencies with the corresponding modes). As expected, the higher-order modes are overdamped as is typical with the Kelvin-Voigt damping mechanism.
Similar results are observed in the plots in Figure 13c which depict the acceleration data and model response at A`(recall that the data from the right accelerometer was used for obtaining the parameters). In addition to the previously matched modes, this data contains a stronger response in the (0; 4) mode (408 Hz) which is accurately matched by the model. Although the (1; 0) and (0; 1) modes are still underdamped, the accurate matching of 9 modes demonstrates the distributed nature of this model.
The underdamping of the (1; 0) mode is very evident in both the time domain and frequency plots of the data and model response at the centered accelerometer (Figure 13b) . By comparing the relative degree of underdamping that is observed at A c with that seen at A r or A`, i t c a n be seen that the results are comparable. However, the dierent distribution of energy in the axisymmetric and nonaxisymmetric modes leads to larger discrepancies between the model and experimental data measured at A c than were observed at the noncentered points. The underdamping of the (1; 0) and (0; 1) modes again illustrates some of the limitations of the damping model being used in these investigations. 
Conclusion
In this paper, we h a v e considered issues associated with the estimation of parameters in a PDE-based model for a vibrating plate. Specically, w e considered a clamped thin circular plate with surface-mounted piezoceramic patches. Thin plate equations which accounted for both the passive and active contributions from the patches were used to model the dynamics of the system. The unknown parameters in the model included structural parameters (density, exural rigidity, P oisson ratio and material and air damping) and patch parameters. The structural parameters were taken to be piecewise constant in order to account for the presence and diering material properties of the patches. It should be noted that all modeling equations for the system were derived using Newtonian principles (force and moment balancing), and all parameters represent p h ysical quantities in the system. When designing and performing experiments, two issues were considered. The rst concerned the ability of the PDE model to accurately and consistently describe the physics of the system under a variety of inputs and responses. Secondly, i t i s w ell-known that closing or shunting the circuit containing the piezoceramic patch provides additional damping, and this was investigated in the context of the PDE model.
With regards to the rst issue, experiments were performed in which the plate was excited with a variety of inputs (including impact hammers and voltage spikes to the patches) which excited from four to fteen frequencies ranging from 60 Hz to 4000 Hz. The matching of up to six axisymmetric and eight nonaxisymmetric frequencies illustrated that the thin plate model was appropriate and suciently accurate for the experimental plate under consideration. Moreover, the distributed nature of the PDE model means that it accurately describes the physics of the entire plate including points not used in the optimization process. As demonstrated by results reported in [1] , the accuracy of the model, with parameters estimated in the manner discussed here, contributed to the good vibration attenuation attained when the model was incorporated in a PDE-based controller.
When comparing the parameters estimated in the various experiments, it was noted that the density, exural rigidity and Poisson ratios were consistent across all experiments. There was some variation in the damping parameters depending on the frequency content o f t h e data. In experiments with minimal low frequency excitation but substantial energy in the high frequencies, the Kelvin-Voigt damping coecient c D was smaller and air damping higher than in experiments in which the response was dominated by the primary mode. This indicates the necessity of estimating parameters with a response in the frequency range under consideration and illustrates a limitation in the damping model.
The damping which results when the circuit involving the piezoceramic patch is closed was investigated by performing a series of experiments with open and closed circuits. The estimated parameters and model responses for the two cases were then compared. As expected, the plate response with the closed circuit was more highly damped than that obtained with the open circuit, and the optimization routine compensated by increasing the material damping coecients. While the damping provided by the circuit is not directly modeled by the Kelvin-Voigt or viscous damping terms, it does produce an eect in the system which is phenomenologically similar to Kelvin-Voigt and viscous damping, and hence accurate model ts were obtained with the estimated parameters. We emphasize that if the applications of interest involve such a closed circuit, parameter estimation should be performed in this regime so as to account for the additional damping.
We reiterate that while the xed-edge boundary conditions (2.6) adequately modeled the boundary dynamics for the setup under consideration, in many cases, energy loss through the boundary clamps will make the xed-edge model inadequate. In such cases, an \almost xed" boundary moment model of the type discussed in [9] may provide a more accurate description of edge physics. Experimental results pertaining to the use of that model for describing the plate dynamics when boundary clamps are loosened can be found in [2] .
Finally, while the investigations here pertained to a circular plate, the issues are important i n a large number of applications involving vibrating structures, and the specic results reported here may indicate directions to be followed when developing and applying PDE models to more complex structures. As indicated by parameter estimation results reported here and control results reported in [1] , the use of PDE models can lead to accurate descriptions of structural systems (even in the presence of actuators and sensors) which can then be successfully incorporated in PDE-based controllers.
